A HAMILTONIAN STABLE MINIMAL LAGRANGIAN SUBMANIFOLD 
OF PROJECTIVE SPACE WITH NON-PARALLEL SECOND 
FUNDAMENTAL FORM 
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Abstract. In this note we show that Hamiltonian stable minimal Lagrangian submanifolds 
of projective space need not have parallel second fundamental form. 



Introduction 

We describe an example of a Hamiltonian stable minimal Lagrangian submanifold of 
with non parallel second fundamental form. 

Let i : L <-^> M be a minimal Lagrangian submanifold of a Kahler manifold (M,g,iv). A 
deformation {Lt} of L with ^j^\t=o = V is called a Hamiltonian variation if the 1-form on L, 
i*(iVto) is exact. We call a minimal Lagrangian submanifold Hamiltonian stable if the second 
variation of the area functional through Hamiltonian variations is non negative. 
In [S] Oh characterizes the Hamiltonian stability of minimal Lagrangian submanifolds of 
Kahler-Einstein manifolds. 

Theorem [Oh] Let (M,uj) be a Kahler-Einstein manifold, with Einstein constant k. Assume 
that L is a minimal Lagrangian submanifold. Let Ai(L) be the first eigenvalue of the Laplacian 
acting on C°°(L). Then L is stable under Hamiltonian deformations if and only if \\{L) > k. 

Note that Ono in [2j proves that, if M is a Hermitian symmetric space, a compact minimal 
Lagrangian submanifold L actually has Ai(L) < k; therefore it is Hamiltonian stable if and 
only if Ai(L) = k. In particular, when M is the complex projective space CP n endowed with 
the Fubini Study metric of constant holomorphic sectional curvature c, Ai(L) must be equal 



Amarzaya and Ohnita in 1] have studied the Hamiltonian stability of certain Lagrangian 
submanifolds of CP n ; in particular they have shown that all the minimal Lagrangian sub- 
manifolds of the complex projective space with parallel second fundamental form are Hamil- 
tonian stable. This leads them to formulate the following question (Problem 4.2 pQ): should 
a compact minimal Hamiltonian stable Lagrangian submanifold of CP n have parallel second 
fundamental form? Our result gives a negative answer to this question, proving 
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Theorem 1. The complex projective space, CP 3 , endowed with the Fubini Study metric, 
admits a homogeneous minimal Lagrangian Hamiltonian stable submanifold L, whose second 
fundamental form is not parallel. 

In order to show that L is Hamiltonian stable we will perform an explicit computation of 
the first eigenvalue Ai(L) of the Laplacian based on general theory of invariant differential 
operators on homogeneous spaces, for which we refer to jlj. 

1. The Lagrangian submanifold L c CP 3 and its least positive eigenvalue Ai(L) 

The Lagrangian SU(2)-orbit of CP 3 . Consider the irreducible linear representation of 
SU(2) on S' 3 C 2 . From now on we will regard the representation space as the space of complex 
homogeneous polynomials of degree 3 in two variables Zi,z%. As proven in JO] and |2j, 
P(S 3 C 2 ) = CP 3 is almost homo geneous under the complexified action of SL(2, C) and the 
open orbit is a Stein manifold. From Theorem 1 in j^j it follows that CP 3 admits a unique 
SU(2)-homogeneous Lagrangian submanifold L which is also minimal with respect to the 
Kahler structure given by Fubini Study metric gFS- This submanifold turns out to be the 
SU(2)-orbit through the point p = [zf+z^] and has already been studied, from the topological 
viewpoint, by Chiang in [3]. 

The second fundamental form of the Lagrangian orbit is not parallel (in [7j the complete 
classification of compact Lagrangian submanifolds of CP n with parallel second fundamental 
form is given). 

The isotropy representation. The isotropy at the point p is given by the finite subgroup 
F of SU(2) generated by 
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The isotropy representation splits the tangent space to this Lagrangian orbit at p as the 
direct sum of two F- invariant irreducible submoduli V\ © V2, where the first summand is 
1-dimensional and F acts as —Id on it. 

Our argument in this computation is analogous to the one used by Muto and Urakawa in . 
They assume the existence of a 1-dimensional invariant subspace fixed under the action of 
the isotropy subgroup. In our context there is no F-fixed subspace, nevertheless we will see 
that for our prupose it is sufficient to have a vector v such that g 2 ■ v = v for all g E F. This 
is true for v E V\. 

The induced metric on L. Fix an orthonormal basis with respect to the opposite of the 
Killing form B on su(2). Recall that if we see su(2) as a matrix group, B has the following 
form 

B(S,ri) :=4Tr(^) 

for all £,?7 E su(2). 
Consider 
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in su(2). Then X 1 := H/2^/2,X 2 := X/2^2 and X 3 := Y/2^2 form an orthonormal basis 
with respect to —B. Denote by {tt^}j=o...3 the homogeneous complex coordinates with respect 
to the basis {z^ -3 !%}j=o... 3 on ^S^C 2 ) so that, in this frame, p = [1 : : : 1]. Consider 
around p the real coordinates Xj := and yj = Im^ for j = 1, 2, 3. 

The fundamental fields associated to X\, X2, X3 at the point p then can be written as 



-3^_ 
V2dy 3 ' 



- -3 d 3 9 
9 3d 3d 

— —p=- h 



2V2d yi 2V2 dy 2 ' 

where we drop the subscript p from the basis on the tangent space. These three vectors span 
the tangent space to the orbit L at p. Note that V\ is generated by X\ p while V 2 is generated 
by Xi v and X 3p . Now we explicitly compute the metric g induced by gFS on T p L with respect 
to the basis {X± p , X 2p , X 3p }. To this aim we follow the general construction of the Fubini 
Study metric of constant holomorphic sectional curvature c = 4 on CP n (see e.g. j5] p. 273), 
starting from a Hermitian metric h on C n+1 . This makes the fibration of the unit sphere 
of (C n+1 ,/i) onto CP™ a Riemannian submersion. An SU(2)-invariant Hermitian metric on 
,S 3 C 2 is of the form 

_ 1 1 _ 

h = u dw\ <8> dw\ + —u dw2 ® dw2 + -u dw 3 <g> dw 3 + u dw^ ® dw^ 

with u > 0. The horizontal lifting at p = (— 0, 0, 775=) £ S 7 of a generic tangent vector 



Ed d 



is then given by 



1, 9 . d , n d t n . d n d n . d d , d , 

— =(-a 3lF r- - ^37^ + 2ai7^ + 2b x — + 2a 2 — + 26 2 ^ + a 3 — + 63—^), 
2V2it Cx dyo dxi dy% dx 2 dy 2 dx 3 dy 3 

where {xj, yj}j=o...3 are the real coordinates of C 4 corresponding to {wj}. Therefore 

II V II 2 — - \\Y II 2 — - II Y II 2 — - 

ll^lpllg — g) ll^2p|| 9 — gj ll^3p|| 3 — g- 

Hence 2 -rpXi p , ^=X 2p and ^^X 3p form a g-orthonormal basis for T p L. 

The computation of Ai(L). First recall well known results that can be found e.g. in 

Let M = G/K be a n-dimensional homogeneous space, where G is a compact connected 
Lie group and K a closed subgroup of G. The choice of an Ad(G)-invariant scalar product on 
the Lie algebra q gives an orthogonal splitting g = 6©m. Let S(m)K be the algebra of Ad(K)- 
invariant elements of the symmetric algebra of m. Denote by S'(m)^- its complexification. Fix 
a basis {1^} of m and regard the elements P of ^(m)^- as polynomials in Y\, . . . , Y n . 
Denote by T>{M) the space of all G-invariant differential operators on C°°(M;C). 



Theorem 2. The map A: S(m)% -> V(M) defined by 

[A(P(y l5 . . . , • = [P(^, • • • , Q-Jf{* ^p(E ^ • K )K°)> 

is a linear isomorphism. Moreover if {Yi,Y 2 , ■ ■ ■ ,Y n } is an orthonormal basis with respect 
to an inner product on m and A g is the corresponding Laplacian of the G-invariant metric g 
induced on M , then 

i 

Fix a unitary representation p: G — ► U(V P , (,)) of dimension d p . Denote by V p K the set of 
vectors fixed by K and by m p its dimension. Let be an orthonormal basis of V„ whose 

first m p vectors span V p K . Define the complex valued functions pijixK) = (p(x)vj,Vi) for 
i = 1, . . . , d p and j = 1, . . . , m,,. A representation p such that m p > is said to be a spherical 
representation for the pair (G,K). 

Peter- Weyl Theorem (see e.g. (3]) says that {\fd~p~p i j} is a complete orthonormal system 
of L 2 (M,C) with respect to the standard L 2 -norm corresponding to the G-invariant Rie- 
mannian metric g on M induced by an j4d(iT)-mvariant inner product on m. 
It is possible to prove that pjj are eigenfunctions for the Laplacian A g and "Freudenthal 
Formula" gives us the eigenvalues: 

A gPij = ip P + 2 ^P P )Pij, 

where 5 = | X^aeA+ a ) A+ ^ s the se ^ OI positive roots, p p is the highest weight of p and ( , ) 
is the inner product on q* induced by the Killing form. 

We return now to the homogeneous Lagrangian submanifold $XJ(2)/F. 

The basis in m corresponding to {^p-Xi p , ^X 2p , ^X 3p } will be denoted by {Y 1 ,Y 2 ,Y 3 }. 
The isotropy F at p acts on the 1-dimensional space spanned by X\ p as —Id so that 

(1-1) HXf)p tJ (x ■ F) = (p(x)dp(X 1 ) 2 v j ,v i ), 

for every x G SU(2), p representation of SU(2) (dp is the representation p at the Lie algebra 

level) . 

Now 

A g = -\{Y? + Yi + Yi) = -X( S -Xf + ^Xf + 8 -Xi) = - 8 -X(x! + X\ + X|) - ^(-X*), 

where the last equality makes sense for X\ 6 5 (m) i? . Hence 

8 8 ^2 

^sPij = 3 A -B - A(-yXf)p y = -(p p + a + ,p p )p i:j - X(--H 2 )p i:j . 

So we have to study the operator D = dp(H) 2 . 

The following remark is analogous to Lemma 3.1 in [£]. For every spherical unitary represen- 
tation p : SU(2) — > XJ(V p , ( , )) for the pair (SU(2), F) the operator D : V p — > is self-adjoint. 
This follows from the SU(2)-invariance of ( , ); indeed this implies 

(dp(H)u,v) + (u,dp(H)v) = 

4 



for every u,v G V p . 

Moreover the subspace V p is D-invariant, in fact for every v G V p , since Ad(a)H = H and 
Ad(b)H = -H, we have 

p{a){Dv) = p(a)(dp{H) 2 v) = p(a)(dp{Ad{a)H) 2 v) 

= p(a)p(a" 1 )dp(H)p(a)p(a' 1 )dp(H)p(a)v = Dv 

and 

p(b)(Dv) = p(b){dp(H) 2 v) = p{b)(dp{Ad{b)H) 2 v) 

= p(b){-dp(Ad{b)H)){-dp(Ad{b)H))v =Dv. 

Then we can find an orthonormal basis {uj}^ p =l for V p , of eigenvectors for D so that the first 
m p vectors are a basis for V p . Denote by pj the corresponding eigenvalues. In terms of this 
basis 

HH 2 )pij(x ■ F) = (p(x) ■ dp(H) 2 Uj , Ui) = pjPijix ■ F) 

and 
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Thus we have to find 
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(1.2) Ai(L) = min{A?}, where X{ = mm {-(p P + a + , p P ) + ~Pj} 

p i<j<"^p o y 

as p varies through the irreducible spherical representations of the pair (SU(2),F). Recall 
that all the irreducible representations of SU(2) are the symmetric powers of the standard 
representation of SU(2). If p = pk = S k (C 2 ), then p p : t — ► iR is defined by p P {H) = ik. 
Hence, since the positive root a + sends H to 2i, we have (p p + a + , /Up) = + |& 2 . 
Now we determine the subspaces of V Pk fixed by the isotropy F. We will see V Pk as the space 
of complex homogeneous polynomials of degree k in two variables z±,Z2, so that we can write 
a generic vector v as 



i=o 



Now 6i> = i k Z^j=o c i z 2 z i~ j '- The condition bv = v forces A; to be even and imposes the 
following constraints: 

• If k =4 then, for every j, Cj = Cfc_j; 

• If k =4 2 then, for every j, Cj = —Ck-j- 

Furthermore the condition av = Sj=o c j a2 ^~ k z \ z \ 3 = v leads to distinguish the following 
cases, where [, ] stands for "the span of" 

• if k =i2 then V F = [z\ + zl z\~ z z\ + z k ~ 3 zf, . . . , z\z\\- 

. if k =i2 2 then V pk = \z\- x z 2 - z k ~ l z 1: z\~ A z\ - z^zf, . . . , z\ +X z\~ X - z\~ X z~f\ 
. if k =12 4 then V p F k = \z\- 2 z 2 + z 2 fc - 2 ^, z\^z\ + 4" 5 zf, . . . , z^zf 2 + z\~ 2 zf\ 
. if k =12 6 then tf£ = [z* - 4, z\^z\ - z k 2 ^z\, z\ +3 zf 3 - zf~ 3 zl + % 



. if k =i2 8 then V^' = \zl- L Z2 + z^z^z^^ + *2~ 4 *i> • • • > * + J 1 4 + \ 

• if /c =12 10 then V p F k = \z\~ 2 zl - z\~ 2 z\, z k ^z\ - z^zf, z\ +2 z~f 2 - z\~ 2 z\ +2 \ 
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Actually the generators of VF we wrote down are eigenvectors for dp(H) 2 . Indeed this follows 



pk 

from the fact that 



dp{H)z\z\~ l = j t ^exptH ■ z[z%- 1 = i(2l - k)z\z\ 



and 



dp(H) 2 z\z\~ l = -{21 - k) 2 z[z*- 1 
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where 
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For every k, in (|1.2I) is attained when I = Z m is maximal. Therefore, when k =g then 
Z m = fc and Af = |jfe + i/c 2 , when A; = 6 2 (fc > 6) then l m = k - 1 and Af = i(/« 2 + 14k - 8), 
while when k =g 4 then Zm = A; — 2 and A^ fc = ^(^ 2 + 22A; — 32). Finally the non-zero eigen- 
values are always greater or equal than 8, and the equality holds in the first and third case 
for k = 6 and k = 4 respectively. Our claim then follows since in these two cases Ai(L) is 
equal to the Einstein constant k = 2c. 
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